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Control of Hovering Spacecraft Using Altimetry

S. Sawai,*D. J. Scheeres, and S. B. Broschart*
University of Michigan, Ann Arbor, Michigan 48109-2140

The control of a spacecraft hovering over a rotating small body, such as an asteroid or comet, is analyzed. The
effect of closed-loop control strategies on the overall stability of hovering spacecraft trajectories is considered. We
characterize the ability of one-dimensional altimetry measurements to stabilize a hovering spacecraft and find
some ideal control methodologies that yield stable hovering trajectories. These ideas are developed for the ideal
case of a uniformly rotating spherical small body and then are applied to a rotating ellipsoid and a rotating model
of the asteroid Castalia. Application of this control approach to hovering over a nonuniformly rotating body is also
analyzed. Finally, the stability of translational motions over an asteroid with active hovering control is studied and
shown to be similar, in some cases, to hovering over a uniformly rotating body. The necessary modifications to the
measurement and control laws for these more general cases are characterized as well.

Introduction

ERFORMING scientific explorations of small bodies, such as

asteroids and comets, can be simplified, in many cases, by
abandoning an orbital approach! in favor of a hovering approach?
In the hovering approach, the spacecraft thrusts continuously (or
nearly continuously) to null out gravitationaland rotational acceler-
ations, fixing its positionin the body-fixed frame. Such an approach
to small-body exploration would make it possible to obtain high-
resolutionmeasurements,and even samples, from multiple sites over
the body surface without having to make complicated transitions
from orbital to body-fixed trajectories between each near-surface
observation period. Some future missions, including MUSES-C,
the Japanese asteroid sample return mission,’> plan to hover over
small bodies. The implementation of such hovering trajectories is
not trivial, however, because they are fundamentally unstable’ and
may involvethe complex interplay of several navigationsensors and
control actuators to implement.

In this paper, we investigate the feasibility of simplifying the
navigation of these trajectories by applying a simple control law
to stabilize the hovering trajectory. If the hovering trajectory can
be stabilized, the complexity of the entire navigation problem can
be similarly reduced. Ideally, the stabilizing control loop can then
run in the background while a more sophisticated control loop is
used to drive the hovering spacecraft over the small-body surface.
These higher-level control laws will be simpler to implement and
characterize if the underlying stability of the hovering trajectory is
ensured.

Our proposed approach to stabilizing the hovering trajectory uses
a single altimeter and thrusting direction. By tightly controlling the
spacecraftaltitude along the gravitational direction, we show that it
is possible to completely stabilize the hovering trajectory in most
cases of interest. We define and analyze the stability and implemen-
tation of this controlfor a spacecrafthoveringover arotating sphere,
ellipsoid, and a generalized shape based on the asteroid Castalia.*
We treat hovering over uniformly rotatingbodies, as well as nonuni-
formly rotating bodies. We note that our control law does not stabi-
lize a hovering trajectory everywhere in space and, in general, only
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stabilizes motion for hovering less than a characteristic altitude re-
lated to resonant motion about the asteroid. Limited simulations of
our approach are presented to verify its utility.

Following our discussionof stationary hovering, the implementa-
tion and stability of guidance laws for translational motion over the
surface of a small body are investigated. For translational motion
over large angular distances, we define a contour-line maneuver. In
this case, the hovering spacecraft maintains altitude to keep its grav-
itational potential constant and is given an additional rotation rate
relative to the central body, with the nominal closed-loop control
being updated as a function of position. For the case of traveling
over a point mass, this guidance law is equivalent to the hovering
problem, although we see that there are preferential directions in
which to implement these transfers. When a nonspherical body is
modeled, the stability of these transfers must be modeled numeri-
cally, althoughresults from translation over a spherical body can be
used to guide the analysis.

Consideration of Controller Type

Previous work? assumed open-loopcontrol to cancel the centrifu-
gal force and gravitational attraction to maintain the hovering posi-
tion of a spacecraft. Control thrust was added as a quasi-continuous
constant acceleration to balance the residual acceleration of the
spacecraft at its prescribed hovering point. However, these hover-
ing equilibrium points are not stable for most positions and require
some closed-loop control to maintain. If the spacecraftis equipped
with a full dimensional controller, these hovering trajectories can
always be stabilized. However, such a controller may require exten-
sive spacecraftresources.

In this paper, we assume a very simple closed-loopcontrol to sta-
bilize the open-loop hovering trajectories. In particular, we assume
tight controllers that keep the altimetry output constant. With such
a simple control logic, hovering can be easily implemented with an
altimeter directed in the proper direction. The sensing and control
direction of our altimeter is chosen to be the nominal direction of
the gravitational acceleration at the prescribed hovering point.

For analysis purposes, we assume that the nominal gravitational
and centrifugal forces are canceled by open-loop continuous thrust-
ing; thus, the nominally prescribed position is a hovering equilib-
rium point. We analyze the stability of hovering with the linearized
equations of motion and investigate how stability can be enhanced
by adding tight closed-loop control along the nominal gravitational
direction. With regard to the actual implementation of this control,
once the sensing and control direction is chosen, we do not need to
specify the open-loopthrustto cancel the gravitationalforce because
the tightcontrollerwill do this automatically. We still need to specify
the open-loop thrust to cancel the centrifugal force components that
are perpendicularto our control direction. When the implementation
of such a system is considered, it is clear that implementation errors
can arise in several crucial areas, such as the estimated direction
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of the gravitational acceleration and the estimated magnitude of
the open-loop forces needed to cancel the centripetal acceleration.
These issues are also discussed in the paper.

Stability of Hovering over a Uniformly Rotating Body
Stability Analysis for a Point Mass Central Body
First, we consider the case where the central body is a point
mass. In this case, stability around the equilibrium point can be
investigated analytically. By the use of the coordinates x, y, and z,
as in Fig. 1, the equations of motion can be written as

Ft2wxrF+wxr+wxwxr)=F.+F, (1)
where
r=x,yz1", w =[0,0,0]"
and where
F. = control acceleration
F, = gravitationalacceleration
w = angular velocity of central body

Nominally, for an open-loop hovering point, the control accelera-
tion is chosen to equal the sum of the centripetal, tangential, and
gravitational accelerations.

We consider perturbations about a nominal hovering point of
ro =[x, 0, z0]", leading to a linearized gravitational attraction

N |:82U
0 or?

where U = /. Now, let the coordinates be normalized by the res-
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rnE”rOH/r.f (3)
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and Eq. (1) can be linearized as

-7 Spacecraft Nominal Location
(0 Yo 20)

Fig.1 Body-fixed frame coordinate.
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By the use of the coordinates of Ar, Ay, and At, as in Fig. 1, or

Ar " x,/rn 0 z,/7a Ax
Ay | = 0 1 0 Ay (8)
At | —2./rn 0 x,/1, Az

Eq. (7) is transformed to

AF 0 x, O AF
Ay | —2w/r, | =X, 0 z, Ay
AT 0 -z, O Af
x24+2/r, 0 —X, 2, AF 1.
—wZ/rf 0 r:—1/r, 0 Ayl =|f,
—XnZn 0 2 —=1/r At f
9
where
fr X/t 0z, /1,
Ll=l o 1 o |
fi —Zu/ra 0 x,/r,

A tight altitude control using the gravitational direction f,
thrusters will lead to Ar(¢) =0, reducing Eq. (9) to

Ay 20 0z, || Ay
AT r. L=z 0] |Af

o? [r2—1/r, 0 Ayl | f
| SRV | ) S R

This equation describes linearized motion with a tight control along
the r direction. The stability of this controller can be investigated
from its characteristic equation

2—r} 372 1 21
4 2 n n 2 4 n —
s—l—w{ P +r—2s+w I_F ﬁ_r_‘ =0
(11)

The tightly controlled spacecraft motion is stable if and only if all
roots of Eq. (11) have negative or zero real parts with no repeated
roots. Note that Eq. (11) correspondsto the zero points of the open-
loop spacecraftdynamics, and our tight controllercan be considered
as the infinity limit of the controller gain. In general, the poles of
the infinite gain closed-loop system corresponds to the zero points
of the open-loop system. Thus, if Eq. (11) has at least one positive
root, it means that the hovering dynamics have at least one unstable
zero point, which results in additional complexity for control of the
hovering spacecraft.
Generally speaking, if the characteristicequation is

st4+bs’+c=0 (12)
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then the stability conditions are

b>0 (13)
c>0 (14)
b?—4c>0 (15)

In our case, these conditions become

2 — 3 32
w2{ L +ﬁ} >0 (16)
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Egs. (19), (20), and (21) correspond to Egs. (16), (17), and (18),
respectively. The hovering pointis stable if and only if Egs. (19-21)
hold, and we note that they hold if 0 <7, < 1 because then

o 52— 5+ (517 —8)’ —org
—_ <
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The stable area of this controlleris shown in Fig. 2. Note that the
region r, <1 (i.e., the area within the resonance radius) is stable
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Fig.2 Stable region of tight altitude control for hovering over a point
mass; shaded region corresponds to stable area.

but that regions outside of this limit are not necessarily stable. If the
spacecraft position is within the stable area in Fig. 2, hovering can
be stabilized with our simple closed-loop controller; conversely, if
it is out of this stable area, implementation of hovering requires a
more complex controller.

Sufficient Conditions for Stable Hovering Above an Arbitrary Body

The precedingsectionderivedthe stableregionforhoveringovera
pointmass using a tightcontroller. This conditioncan be generalized
to an arbitrary gravity field, and the stability of a hovering point can
be computed numerically from Eq. (7) using a general gravity field,
but the resulting conditions do not lend themselves to analytical
description. Instead, we derive a sufficient condition for the stability
of our tight controller.

Starting from Eq. (7), let the eigenvaluesand eigenvectors of the
matrix [02U/9r*] be a1, o, and a3 and vy, v, and v3, respectively.
Because this matrix is symmetric, the eigenvectorsare orthogonalto
each other and, withoutloss of generality, we can define the relations

VI X vy = v; (22)
V) X V3 =V (23)
V3 X V| =V, 24)
vill = lvall = lvall =1 (25)

When our coordinates are changed,

Ax 4 Ax
X =[] Ay | = | V] || Ay (26)
Az V}T Az
Eq. (7) becomes
0 U3 U2;
X —2w | v, 0 —v, |x
—Uy, Uiz O
) + o’ 0 0 vy,
- 0 a, + w? 0 - | vy
0 0 a3 + w? V3,
X [Ulzs U2z, U3z] x/ =f/ (27)

For most cases, one of the eigenvectors(vs, for example) is almost
aligned with the gravitational attraction, and two of the eigenvalues
(or; and «rp) are stable, that is, have negative values. The vectors v,
and v, are approximately tangent to the surface of constant gravity
potential, and the vector v; is approximately aligned with the direc-
tion of the gravitational attraction. This is exactly true if the central
body is a point mass. Here, v; is defined as the quasi-gravity direc-
tion. When we adopt our tight controller in the v; direction (both
observation and thrusting), Eq. (27) will reduce to

v 0 —wvs . o) + w? 0
x —2w x — )
v, 0 0 a+w

2 Uiz ’ /
—o [Viz, v X' =f (28)
U,
with a characteristic equation of the form
st4+bs>+c=0 (29)
where
b= 4a)2v§Z — ki — ks, (30)

c= —a)4vfzvgz + ki ks, (31
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ki=a +0*— vawZ (32)
(33)

2 2 2
ky =a, + o — vy 0

The stability conditions for the tight controller are the same as in
Egs. (13-15), or

30’0}, + 0 — () + @?) — (0 + @*) 2 0 (34)

(ozl + w2) (ocz + w2) — a)2vfZ (ozz + w2) — a)2v§Z (ozl + w2) >0

(35
(ozl —a — w2)2 + 3(4)411;(1132Z + 2) - 8w2v§1{(a1 + w2)
+ (ocz + wZ)} >0 (36)
We can verifty that Egs. (34-36) will hold if
a+w* <0 (37)
a+w <0 (38)

Equations (37) and (38) are the sufficient conditions for the stability
of the tight control along the quasi-gravity direction. In the case of
a sphere, these sufficiency conditions reduce to /r; < 1, which is
what we had found earlier. In the general case, these values of « are
easily computed at an arbitrary point from the second derivative of
the gravity potential.
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Numerical Computation of the Stable Area

To validateour sufficientcondition,a number of numericalchecks
were conducted. Here, the central body is assumed to be an el-
lipsoid (Figs. 3 and 4) or the realistic shape of asteroid Castalia*
(Figs. 5 and 6). Rotation periods of 4.07 h (Castalia’s estimated ro-
tation period) and 10 h (for comparison) were investigated. Fig-
ures 2-6 show that similar stable regions exist for the sphere, el-
lipsoid, and Castalia, a similarity that degrades at faster rotation
speeds. Figures 3-6 also show the area where the sufficient condi-
tion, derived from our earlier discussion, is satisfied. We note that
the sufficient areas coincide closely with the actual stable areas near
the asteroid surface.

Even with a perfectly applied tight controller, some residual mo-
tions will existdue to errorsin the initial placement of the spacecraft.
The frequencies of these residual modes are of interest because, if
they are too fast, the hovering trajectory can easily become unstable
with a small time lag in the controller. In contrast, if they are too
slow, the hovering position deviations can become large with only
small initial velocity errors. From our numerical analysis, we find
that hovering near the stability limit is not robust against velocity
errors due to the slow residual modes in this region, but becomes
more robust as the hovering point approaches the central body.

Summary

In this section, the stability of hovering under tight control has
been discussed. The stability conditions are deduced explicitly for a
pointmass, where we find hovering to be stable for the region inside
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Fig.3 Stable region of tight altitude control for hovering over an ellipsoid with a rotation period of 4.07 h (rotation about Z axis).
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Fig. 5 Stable region of tight altitude control for hovering over Castalia with a rotation period of 4.07 h (rotation about Z axis).
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Fig. 6 Stable region of tight altitude control for hovering over Castalia with a rotation period of 10.0 h (rotation about Z axis).

the resonance radius. For a general mass distribution, analytical re-
sults are not possible. Thus, reliance is made on numerical checks
of stability. We are, however, able to derive a simpler sufficient
condition in this case that agrees well with the full stability condi-
tions. The maximum altitude for the stable hovering can be defined
as the resonance radius, or the radius at which Eqs. (37) and (38)
hold.

Sensitivity of the Control to Errors

As noted earlier, the ideal implementation of our control and the
practical implementation of it will have significant differences. To
evaluate whether our theoretical approach to computing the stability
of motion is reasonable, we evaluate the sensitivity of our control
to several different error sources.

Sensitivity to Errors in the Control Direction

For an actual spacecraft, some discrepancies will exist between
the open-loopthrustthat cancels the centrifugal force, the estimated
direction of gravitational attraction (and, hence, the sensing and
control direction), and the hovering altitude. Ideally, the hovering
equilibrium point will be where these points coincide with their
estimated values, but,in general, there will be inconsistenciesamong
them, and there will be no single point where they coincide exactly
with their estimated values. Thus, the actual equilibrium point will
be a compromise among these values. For example, if the estimated
direction of the gravitational accelerationhas some error, the actual

equilibrium point will shift to a point where the vector sum of the
erroneous direction, the gravity acceleration, and the deviation of
the centrifugal force sum to zero.

In this discussion, we wish to place constraintson how large of a
shift in the actual hovering point will occur due to these errors. We
will use the linearized equations

0 20

0 -1 w 0 .
i-20|1 0 0lx-3]0 w O +[a2} =/
r
0 0 0 0 0 0
(39)
Je=Ffegt fee (40)

where x is the deviation of the spacecraftfrom the nominal hovering
point, f. , is the closed-loop control force, and f. . is the force that
cancels the centrifugal force, added in an open-loop manner. The
nominal positionx =0 is defined as the point where the gravity at-
tractionis aligned with the control forcef. , and where the hovering
altitude equals the commanded value.

We assume thatf; . is the force balanced with the actual centrifu-
gal force at a position x,, or, in other words, x.. is the vector from
x =0 to the point where the centrifugalforce and the open-loopcan-
cellation force balance. Ideally, x. = 0, but, due to errors, x. # 0, in
general.
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For this case, Eq. (39) becomes

0 -1 0 o> 0 0
. . 92U
Xx—20|1 0 O0|x+ 0 o 0|+ ™=
r
0O 0 O 0O 0 O
w 0 0
=fi.+[{ 0 @ 0|x (41
0O 0 O

At the equilibrium point, ¥ and x are equal to zero, so that

U w* 0 0
|: P :|x +(0 @ O0|(x—x)=f, (42)
0O 0 O
or
Ax = Bx,+ fv, (43)
where
5 o> 0 0
0-U
A= [ } +10 o O (44)
or?
0O 0 O
w 0 0
B={0 o 0 (45)
0O 0 O
frg' = fvg (46)
vl =1 47)

holds. Note that v, points along the estimated gravitational attrac-
tion and, thus, keeps altitude constant along this direction. At the
equilibrium point, this control force will also be constant.

The matrix A will not be singular, in general, and so Eq. (43) can
be rewritten as

x=A"Bx.+ fA v, (48)

The control force f, , will keep the altitude as commanded, meaning
that v, - x =0 will hold; thus,

0=vlA"'Bx.+ fv[ A"y, (49)
and we can solve for the control force as
==/ A"y W A7 Bx, (50)
From Eq. (48),

vix =vI A7 'Bx. + fy" A7y, (51)
Aty pT

=y {] - —5£ 147 By, (52)
viA=ly,

Because this equation holds for an arbitrary vector v,

x = Mx, (53)

Aty T
M=3]———E2£1A°'B 54)
vIA=ly,

This equation relates the sensitivity of the equilibrium pointx with
respect to x.. The maximum singular value of matrix M must be
small for the hovering equilibrium points to be insensitive to these
errors.
The eigenvectorsof M have some interesting characteristics. For
example, because
viM = {vT _ kA ity

£ felp-ip—
8 ng*‘vg } 0 (55

the eigenvectors of nonzero eigenvalues must be perpendicular to
the vectorv,. Also, because

0
B{0]|=0 (56)
1

the z axis (equal to spin axis) direction is one of the eigenvectors
with a zero eigenvalue. From numerical checks of the eigenvalues
of M, it is found that the equilibrium points become insensitive to
these errors as the hovering altitude decreases.

Sensitivity to Other Factors

Numerical simulations of hovering trajectories were carried out
to examine the sensitivity of the stable hovering points due to real-
istic control implementationerrors. Most state-of-the-artspacecraft
have impulsive thrusters instead of continuous ones, and so the as-
sumption of continuous thrusting adopted here will not hold for
most spacecraft. This implies that we should investigate the error
due to this approximation. The controller adopted in our simula-
tions is designed to be a realistic model of a tight controller along
the estimated direction of gravitationalacceleration. Thus, centrifu-
gal forces are canceled periodically with an impulsive force, and
we simulate the tight altitude control with a deadband controller
where the altitude is held within an interval about the prescribed
value by firing control thrusters whenever this deadbandis violated.
Our control logic checks whether the spacecraft has violated the
deadband every second and applies a small impulse to the space-
craft until the criterion is satisfied. Additionally,no open-looplogic
is used to cancel the nominal gravitational attraction because the
necessary quasi-continuous force to null out gravitational force is
obtained from the closed-loop control.

Simulations were carried out to evaluate the robustness of hover-
ing as a function of position. The centralbody was assumed to be an
ellipsoid of dimensions 0.5 x 0.5 x 1.0 km with a rotation period of
10 h. Two hovering positions were selected, both within the formal
stability area, to show the difference between hovering close to, and
further from, the central body. The close hovering point was chosen
to lie at (0.65, 0.00, and 0.50 km) and the far hovering point was
chosen to lie at (1.65, 0.00, and 0.50 km).

The combination of parameters used in our simulations is sum-
marizedin Table 1. Case 1 stands for the nominal case. In case 2, the
period betweencentrifugalforce cancellationsisincreased. Because
the rotation period of the body is 10 h, it rotates 72 deg between
each cancellation in this case. Case 3 represents the influence of
a large deadband width, one comparable to the central body size.
Cases 4 and 5 representerrors in the initial velocity of the hovering
spacecraft in the body-fixed frame (ideally equal to zero). Cases 6
and 7 show the effects of errors in the gravitational direction.

All of the simulation cases were stable for the close hovering
position. For the far hovering position, only cases 1-3 were stable,
whereas cases 4-7 were unstable. This suggests that the hovering
trajectory is robust with respect to the frequency of the centrifugal
force application and the width of the dead band. If the hovering
position is near the resonance radius, stability becomes sensitive
to velocity errors because the residual modes have low frequencies
that result in large amplitude oscillations. Furthermore, hovering is
not as robust with respect to the gravitational direction error if the
hovering position is located near the resonance radius.

Table1 Combination of parameters used for numerical simulations

Centrifugal force Initial Gravity
Case cancellation Dead band velocity direction
number period, min width, m error, cm/s error, deg
1 10 1.0 0.0 0.0
2 120 1.0 0.0 0.0
3 10 100 0.0 0.0
4 10 1.0 1.0 0.0
5 10 1.0 10.0 0.0
6 10 1.0 0.0 0.4
7 10 1.0 0.0 8.4
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Stability of Hovering over a Nonuniformly
Rotating Body

In the preceding section, the central body was assumed to be a
uniformly rotating body. However, not all small bodies rotate uni-
formly (cf. Harris®). Thus, an important extension to this research
is to investigate how the nonuniform rotation of a body may affect
the stability of hovering. The equations of motion for such a situa-
tion can be expressed using Eq. (1) by taking w as the time-varying
angular velocity of the body.

Angular Velocity of Nutating Body
In general, the angular velocity of a rotating body satisfies the
Euler equations:

Io+wxIw=0 (57)

or, equivalently,

0 —cos6
cosf 0
sin 6 cos(w,t) 0

sin 6 sin(w,?)
=+ 2w, —sinf cos(w,t) | r

—sin6 sin(w,?)

— sin® @ sin®(w,t) — cos? @  sin’® 6 sin(w,t) cos(w,t)
+ w, sin 6 sin(w,t) cos(w,t)

sinf cos 6 cos(w,t) sinf cos6 sin(w,t)

de)x + (Iz - Iy)wywz =0 (58)
Lo, + U, —L)w,w, =0 (59)
Lo, +U, —I,)0,0, =0 (60)

wherel,, I,,andI, are the moments of inertiaof the centralbody and
w =[w,, oy, ,]" is the angular velocity of the body (in body-fixed
frame).

For simplicity, we assume an axially symmetric inertia tensor,

I =1, #1 (61)
Then the general solution to Eq. (57) becomes
w, = wy sin b cos(w,t) (62)
w, = w, sind sin(w,?) (63)
w, = wycosh (64)
w, = o0wycosh (65)

o= (Iz _I«\)/Ix

—sin’ 0 cos?(w,t) — cos? @

angular velocity. The angular momentum vector in the body-fixed
frame becomes

I,.w, sin 6 cos(w,t)
H = | I,wysin0 sin(w,t) (66)
I.w, cos6

When 6y is defined as the angle between the z axis and the angular
momentum vector, the following relations hold:

1 %
cosfy = (o +1)cos 67)

\/(0 + 1)2cos? 0 + sin® @

+ 1) cos® 6 + sin’ 0
cos(@y — 0) = (o ) cos sin (68)

\/(0 + 1)2cos26 + sin® 0

Substituting Eqs. (62-65) into Eq. (1) yields

sinf cos 6 cos(w,t)

sinf cos @ sin(w,t) | r=F, + F. (69)

—sin*@

wherer=1[x, y, z]”.

Point Mass Gravity Field Case

First assume a point mass gravitational field. In general, for
a point mass, the relation I, =1,=1. will hold, and rotation
will be uniform about any axis. Thus, the assumption adopted
here is not entirely consistent, but is useful for understanding
the nature of stability of hovering over a nonuniformly rotating
body.

When the coordinates are changed as depictedin Fig. 1, the grav-
itational attraction in this coordinate frame becomes

2 0 0
Fo=Fo+=|0 -1 0 |n (70)
=
oo 0 -1

where r, =[Ar, Ay, At]" and ro = /(x3 + y2 + 23).

Assume that a tight controller is applied again in the radial
direction and that distance is normlized by the resonance ra-
dius, ry = (/w})'/. Then the residual motion will be described
as

2 0o —1{. —X,wow, sinf sin(w,t) |0 —1
Py + 2 {x,, sin6 cos(w,t) + 2, cos@} ry+ 0 (@) r; + o}
" 1 0 r, 1 0
. ) 1 o Xy Zn .
—1 — sin“ 6 cos*(w,t) + = sin 6 sin(w,t){ — cosd — — sin b cos(w, 1)
r’ ry ry
X ! r;=0
2 2
Xn Zn X, Z . . XnZp . 1
sin @ sin(w, ) { — cos® — — sin 6 cos(w,t) —Lgin’g— = {cos2 0 + sin’ 6 s1n2(w,,t)} -2 sinf cos 6 cos(w,t) + —
nn 72 72 72 B
(71)

where wy and 0 are constant.
Note that w, is the magnitude of the angular velocity and 6 is
the angle between the z axis (body-fixed axis of symmetry) and the

wherers = [Ay/r,, At/r].
Because Eq. (71) is linear and time periodic, the stability of so-
lutions to this equation can be investigated using Floquet theory
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(see Ref. 6). Hovering is stable if and only if the eigenvalues of the
state transition matrix taken over one period are all complex with
unity magnitude. The stable hovering regions over a nonuniformly
rotating point mass with a specific nutation angle and inertia ratio
are shown in Fig. 7. We see that the stable regions are similar to the
uniformly rotating case, and that the region near the central body re-
mains stable. This can also be seen for non-pointmass gravity cases,
where Fig. 8 shows the stability diagram for an ellipsoidal body of
dimensions 0.5 x 0.5 x 1.0 km, constant density of 2.0 g/cm?, and
a specified nutation angle. Thus, for hovering over a nonuniformly
rotating body, we can verify that there exist stable regions close to
the central body, analogous to the uniformly rotating case.

Translational Motion over Bodies

Hovering opens new possibilities for the scientific investigation
of a body. However, hovering over a single point will not produce
the type of global information that is desired. Thus, an important
considerationwill be to model the dynamics and stability of transla-
tional spacecraft motions that occur while the hovering control loop
is enabled.

Translational Motion over a Point Mass

Again, the case of a point mass is first treated for simplicity. In
this case, the stability of translational motion can be reduced to the
stability of hovering at a fixed point.

The gravity potential and attraction are again

U= ﬁ (72)
oU "

where  denotes the gravity constant. For small deviations from the
nominal point, we use the approximation

U

F —
or?

—Foo~ Ar (74)

0

g

where F,, denotes the gravitational attraction that occurs if the
spacecraft translates exactly on the prescribed path. When this is
substituted into Eq. (1) and linearized, deviations from the pre-
scribed path obey the equations

2

AF+2w X AF+w X Ar+ w X (w X Ar) = Ar+F,

2
8r0

(75)

Because of spherical symmetry of a point mass gravity field, this
equation holds for all w. Thus, it is possible to set w to an arbitrary
angular velocity with respect to the inertial frame to generate a
constant altitude translational motion around the body. In practice,
one would define the great circle between the desired locations on
the asteroid surface, the normal to this plane &, the angle subtended
in this plane 6, and the time of the transfer r to compute the body-
relative rotational velocity wy = (6 /7)u. The total angular velocity
to be used in Eq. (75) is then the sum of the actual body angular
rate and the relative translational rate just defined. Because of the
symmetry of the point mass gravity field, Eq. (75) is identical to
the hovering equation over a uniformly rotating point mass with
angular velocity w. Thus, if the closed-loop control F, is added to
keep the altitude constant, the translational motion is stable when
the spacecraft altitude is less than r,, where

ry= (u/lw? (76)

and where |w| is now the magnitude of the body’s angular velocity
vector plus wyg.

To enhance stability and robustness, r; can be enlarged by re-
ducing the total angular velocity w relative to inertial space. Thus,
when possible, the direction of translationalmotion should be taken
in a sense opposite to the body’s rotation because this results in
the reduction of the translational angular velocity w in the inertial
frame. From this, we also see that a fast translation in the direction
of small-body rotation can destabilize the control.

Translational Motion over Arbitrary Bodies

Translationalmotion describedin the preceding section is motion
at a constant altitude. This can be generalized to translational mo-
tionalonga contourline of constantgravitationalpotential. Then, for
an arbitrarily shaped, uniformly rotating body, the spacecrafttrans-
lates along a line on the constant gravity potential surface where the
altitude of the path is determined by its latitude and the longitude
in the body-fixed space. Other approaches to specifing translational
motion are possible; however, we have chosen this one for definite-
ness in our simulations. With an ideal open-loop cancellation of the
force, the equations of motion of the spacecraft are similar in form
to Eq. (75), but now the force potential U is arbitrary and evaluated
along the path of the spacecraft, w is just the angular velocity of
the body rotation again, and the open-loop control also accounts
for Coriolis accelerations that arise due to the motion of the hov-
ering spacecraft. If the spacecraft has an altimeter onboard, and if
a controller is present that forces the altimeter output to follow the
prescribed altitude profile, the control law becomes

oU
Ar-—| =0 (77)
ar 0
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Fig. 10 Stability of transition over a rotating ellipsoid with period of 5 h.

Theresultingtrajectoryis a time-varyingtrajectoryin the body-fixed
frame and can be analyzed using linear systems theory.

In Fig. 9, the stability of a translation maneuver as a function of
transfer speed is shown for the case of a nonrotatingellipsoid (with
the same dimensions and density used earlier). The vertical axis
shows the maximum eigenvalue of the transition matrix over one
period. If its value is larger than 1.0, the transition is unstable. The
horizontal axis shows the transition angular velocity. Also plotted
in Fig. 9 is the natural frequency of the residual motion, which is
the oscillation frequency of a stabilized hovering spacecraftin the
body-fixed frame. The dotted lines represent integral multiples of
the angular velocity of the body in the spacecraft fixed frame. Note
that the translation maneuvers become unstable if the natural fre-
quency of the spacecraft motion is synchronous with these angular
velocities. For the case of a nonrotating body, we see that there is a
symmetry between translation motions in the positive and negative
sense. In Fig. 10, we show the stability diagram for tranlsational
maneuvers over an ellipsoid with a 5-h rotation period. Now we
note that the symmetry between direct and retrograde maneuvers is
lost and that the retrograde maneuvers have a wider region of stable
transfer, as expected. Again, there is a significant destabilization
when the body-fixed angular velocity is 1:1 synchronous with the
natural frequency of hovering.

Conclusions
This paper discusses the stability of hovering and translational
motion over a rotating small body, such as an asteroid or comet.
The analysis assumes that the spacecraft is equipped with an al-

timeter and that a simple feedback control loop commands thrusting
to keep the altimeter output constant. Hovering over a uniformly
rotating body was investigated and found to be stable within a
region closer than the resonance radius for the point mass body
case, and within the equivalentdistance for the case of an arbitrary
body. The robustness of a hovering trajectory with respect to con-
troller error increases as the hovering position becomes closer to the
body.

Hovering over a nonuniformly rotating body was also investi-
gated, with both general and specific cases studied. In this case, the
stability of hovering is similar in many respects to hovering over
a uniformly rotating body, but the regions of stability are dimin-
ished due to resonances between the body’s precession and natural
frequencies of motion.

Finally, the stability of translational motion over a small body
while implementing the hovering control was investigated. In some
special cases, this problem can be analyzed using the simpler theory
of stationaryhovering. For translationalmotion abouta more general
gravity field, the problem becomes similar to the computation of pe-
riodicorbit stability.In both cases, preferred directions of translation
can be defined, generally in the opposite direction of the small-body
rotation. Some numerical surveys of this problem were made that
established connections between instabilities in these transfers and
resonances between the angular rate of a maneuver and the natural
frequency of a stabilized, hovering spacecraft.
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